Abstract: The conformational potential energy surface (PES) of a molecule provides insights into the relative stability of the possible foldamers. However, the time and space complexity of electronic structure calculations, commonly used to generate PES, increases exponentially with an increasing number of atoms.
Introduction
The protein folding problem, which is the process of how a linear sequence of amino acids acquires its biologically active three-dimensional shape, is still considered as one of the most difficult problems in biology, and it is yet not fully understood despite advancements in curently available experimental and computational methods. Attacking this problem computationally also entails a large amount of data which is deemed too complex, despite the advent of advanced computers, while empirical methods demand stringent experimental protocols which are usually expensive and tedious to perform.
One aspect of dissecting this problem is to observe the energy profile of a protein of interest, as the potential energy of a foldamer allows us to determine the relative stability of each possible conformation. In principle, finding the stable foldamers of a protein requires an efficient sampling of the entire conformational space of the protein, to which there is an associated potential energy surface (PES). The global minimum of the surface may correspond to the energy of native fold.
Potential energy surfaces are important in the analysis of conformations because these are usually used to visualize the relationship between the energy profile and geometry of the molecules of interest, as well as to understand how structure prediction methods locate and characterize their preferred conformations. However, the time and space complexity of empirically produced PESs (through electronic structure calculations) increases exponentially with the number of atoms in the system.
An accurate characterization of all physical forces operating on the system between different atoms is only obtainable by applying quantum mechanical (QM) calculations. This is due to the fact that the forces resulting from the spatial distribution of electrons around atoms, which require QM calculations. However, this procedure is computationally expensive, and researchers resort to approximation of the real physical forces in order to simplify calculations. This refers to molecular mechanics, since it approximates the protein system using Newton's classical mechanics, i.e., all atoms of the systems are considered and the energy content is described using a set of mathematical equations called the force field, which treats atoms and covalent bonds as balls and springs, respectively. 12 These force fields have the form
where x is the vector representing the conformation of the molecule. Each expression in the force field describes the potential energy resulting from a different interaction between any two atoms in the system. Assuming that the force field is accurate, a calculation of the potential energy of the system allows us to determine the stability of one conformation. In principle, finding the native fold of the protein requires sampling the entire conformational PES efficiently.
Conformational analysis of organic molecules was initiated in the late 1970s, where simple hydrocarbons like ethane (H 3 C-CH 3 ), propane (CH 3 -CH 2 -CH 2 ) and n-butane (CH 3 -CH 2 -CH 2 -CH 3 ) exhibited such structural characteristics that provided the basis of conformational analysis.
14 Methyl rotations (-C-CH 3 ) and ethyl rotations (-CH 2 -CH 2 ) were very similar in a variety of compounds. In 1963, Ramachandran attempted to perform conformational analysis on simple peptides, 20 and the PES topology for the double rotor CONH-CH 2 -CONH turned out to be quite different from the propane surface. More recently, it turned out that even a compound as simple as n-pentane behaved in a nonideal fashion. 23 Thus, it is reasonable to assume that surface topology is a function of two dihedral angles, φ and ψ, associated with the rotation about two bonds connected to the alpha-carbon of the amino acid.
One dimensional trigonometric fit to simple internal rotation energies was proposed by Pople et al in the early 1970s. 16, 17 For potential energy surfaces (3D) and hypersurfaces (n-dimensions, n > 3), functions of at least two (and at most n) variables are necessary, and these were achieved for D r a f t D r a f t asymmetrical (glycine being the exception). This yields disymmetries in the corresponding PES. Considering this constraint, the fitting procedure was developed on the following two premises: 19 • using global functions that cover a large region with "fairly good" accuracy, and
• using functions that perform well in a local region.
In this paper, the Fourier series was chosen as the global function, as it captures the general periodic nature of the PES, and the fit was further improved by using a mixture of Gaussian functions to represent the local dissymmetries.
Subsequently, a linear combination of two functions, later referred to as ∆E f +g (φ, ψ), was used to fit the amino acid diamide potential energy surfaces, where
• a Fourier series of the form 1) where N f be the multiplicity (i.e., number of the terms), k is the constant term in the series, ω is the conversion factor from degrees to radians, i.e., ω = π 180 , and {w i }, {x i }, {y i }, {z i } ∈ R, with i = 1, . . . , N f , and
• a mixture of spherical Gaussian functions, which are fitted at the recognizable peaks of the input grid, of the form 2) where N g be the multiplicity, {A j } be the amplitude, {(φ j ,ψ j )} and {σ 2 φj , σ 2 ψj } be the center and axes of the ellipsoids, respectively, all with j = 1, . . . , N g . Also, exp(·) is the exponential function.
Thus,
Methods

Benchmark Data
This paper considers three simple amino acid diamides, which include glycine, alanine and valine. The structures are illustrated in Fig. 2 .
For each of these molecules, the energy E(φ, ψ) corresponding to the rotations of two peptide backbone dihedral angles, φ and ψ, were computed over the interval [−180
• , 180
• ] 2 , with a step size of 15
• . These values were generated from DFT electronic structure calculations under the B3LYP 2, 22 hybrid functional and 6-31G(d) basis set 9 implementation on GAUSSIAN09 8 software package, and the input Z-matrices were constructed following. 5 For every amino acid considered, the geometrical parameters were fully relaxed except for the constrained torsion angles φ and ψ. The relative energy, given by the formula
were also subsequently calculated, generating a 625-point grid surface, which was used as an input for the fitting procedure discussed in Section 3.2.
The goodness-of-fit was determined using the root mean square error (RMSE) and R 2 between the resulting fit and relaxed scan relative energy values.
For the comparative analysis, the molecular mechanics minimizations were performed with the sander module of the AMBER 12 software suite. 4, 21 Constraints were used to keep the dihedral angles of the peptides at the desired values (φ, ψ) ∈ [−π, π] 2 , while structures were defined using the ff99SB force field parameter set. 10 
Procedure for Analytical Fitting
Given a grid G ⊆ [−π, π] 2 , and the corresponding relative energy ∆E values over G computed from DFT calculations, denoted by ∆E * (G), the fitting procedure consists of three phases:
1. Enumerating the grid minima of ∆E * (G)
Nonlinear least squares (NLS) fit on ∆E g (φ, ψ)
3. Nonlinear least squares fit on ∆E f +g (φ, ψ)
The trust region reflective algorithm 3, 6 was used to obtain the optimal parameter values of ∆E g and ∆E f +g for the NLS fit procedures in the second and third phases. All calculations performed were implemented in the Python programming language. D r a f t
Enumerating the minima of ∆E(G)
The first phase lists the minima of G with ∆E values of at most τ g max[∆E * (G)], which are needed for the next phase, where τ g is the threshold factor, also supplied by the user. The (φ, ψ) and th corresponding ∆E values in the above list will be used as in constructing the initial parameter vector for the second phase.
Nonlinear Least Squares Fit on ∆E g (φ, ψ)
In this phase, a nonlinear least squares fit on ∆E f +g (φ, ψ) given ∆E * (G) and an initial parameter vector g. The value for g is determined by setting the amplitude and ellipsoid centers to be the ∆E and (φ, ψ) values, respectively, which are obtained in the previous phase. The other parameters are set arbitrarily.
Nonlinear Least Squares Fit on ∆E f +g (φ, ψ)
Starting with N f = 1, an initial parameter f N f corresponding to the Fourier series component is generated, and an NLS fit is performed on ∆E f (φ, ψ), given ∆E * (G) and a parameter vector f N f . The resulting (optimized) parameter vector f * will be used in the following step. The obtained parameter vectors f * N f and g * is used to perform an NLS fit on ∆E f +g , in which an initial parameter h N f is computed as a vector concatenation of f * N f and g * . The fit will yield an optimal parameter vector h * N f . The root mean square error is then computed between ∆E(G) and
). This process is repeated by increasing N f until the relative RMSE is within ǫ f , i.e.,
where ǫ f is the tolerance error supplied by the user. If the inequality above is satisfied, the optimal parameter vector h * N f will be considered as the parameter vector for the function E f +g (φ, ψ) which will represent the PES. Table 1 shows the number of parameters and the used to fit the coarse-grained Ramachandran PES obtained from DFT calculations. The conformation regions 20 provided in the table are also illustrated through Figure 3 .
Results and Discussion
Ramachandran-type Potential Energy Surfaces
The associated contour maps in Figure 4 show that it had precisely captured all the prominent minima of the PES, with its (φ, ψ) positions comparable with the result in, 19 but with less number of parameters used. In fact, all of the fit PES in the previous study used 118 parameters, while this study used at most 102 parameters only.
The overall fit procedure yields an average RMSE of 4.9946 kJ·mol -1 with the glycine PES yielded the lowest RMSE of 4.8363 kJ·mol -1 . Note that the results obtained in this study is comparable to results in, 19 which yielded an average RMSE of 5.733 kJ·mol -1 . Note that 19 used a third function, i.e.
where
(a i cos iωφ cos iωψ + b i cos iωφ sin iωψ + c i sin iωφ cos iωψ + d i sin iωφ sin iωψ) . 
Importance of the Use of Gaussian Functions in Improving Accuracy
Fourier series have been used in various force field functional forms to represent the torsional rotation of four consecutive atoms about a central bond. However, to account for different bonded and non-bonded interactions, it is important to find a suitable function that may account for dissymmetries in the PES. It has been shown from the previous sections that ∆E f +g may be used to represent simple amino acid diamide conformational PESs, with respect to the resulting RMSE and R 2 values. It is interesting to compare the relative performance of the resulting analytical fit function, with the simple trigonometric fit function ∆E f (eqn. 2.1). Table 3 summarizes the number of parameters, and corresponding RMSE values used in the different fit functions. From the preliminary analyses, it has been found out that N f = {4, 5, 6} gives a good fit, with the relative change in the RMSE on the three amino acid diamide PESs change only by at most 0.001 even with increased. Also, requiring more number of terms for the Fourier series yields a more ragged surface, which in turn gives worse RMSE.
The fitting using only the Fourier series ∆E f yields an average RMSE of 12.5478 kJ·mol -1 , while using ∆E f +g returned an average RMSE of 4. two-rotor mathematical model, with respect to the two backbone dihedral angles φ and ψ, is feasible and can also be used as a foundation to illustrate the PES of flexible molecules, such as peptides, with several internal bond rotations. Furthermore, this model may be used as well for doing optimizations near the approximate minima, which are obtained from the fitted results. As the proposed model returns a dihedral angle pair corresponding to the energy minima, one can compute for the more precise conformation by doing further optimization, but with a shorter amount of time as compared to an initial conformation estimate. For future work, it is interesting to test the fitting procedure with a grid computed with a higher level of theory and basis set, and for all amino acid diamides. A similar model can also be constructed for higher dimensional PES, which may describe the polypeptide relative conformational stabilities. D r a f t
